




concentrations in the melt does not primarily depend

on initial mantle heterogeneity, but rather on the pres-

ence of channelized reactive flow.

Having observed that any type of mantle heterogen-

eity may lead to significant perturbations in melt com-

position and localized melt transport in reactive

channels, the question remains how robust these find-

ings are for different amplitudes of perturbation. Two

additional simulations are employed, where the per-

turbation amplitudes of combined, correlated heteroge-

neities are set to a factor of five smaller or larger than in

the reference case. Perturbation amplitudes for the two

parameter variation runs bracketing the reference value

in the middle then become 6 [0–2, 1, 5] wt % on bulk

MORB, and 6 [2, 10, 50] wt ppm on bulk water content.

The results at 1 Myr model time are reported in

Fig. 14 in terms of water mass flux QH2O. The reference

channeling band between 60 and 80 km depth is again

indicated by dotted lines. Clearly, flow localization is

observed in all three simulations. However, the

amplitude of mantle heterogeneity has a significant

control on the depth of onset, intensity, and pathways

of flux channelling in the mantle column. Higher ampli-

tude of perturbation leads to a deeper onset of flow

localization and results in larger amplitude channelized

flow. The pathways of melt channels become more

curved with increased perturbation amplitude, as chan-

nels interconnect the initially more fertile patches of

mantle. These results reinforce the findings on perturb-

ation types above: even the smallest perturbations lead

to significant flow localization in mantle models with

volatiles.

Parameter variation—reactive model
All results of 2D simulations so far have employed a

batch reaction model, with an assimilation ratio of v¼ 1

and a reaction time of sC ¼ 100 years. The faster reac-

tion time in 2D simulations with respect to 1D simula-

tions is chosen to ensure near-complete equilibration

Fig. 13. Effect of compositional perturbations on reactive channelling in 2D column models of hydrated mantle. Bulk water flux at
model time of 1 Myr for models with smoothed random perturbations of 6 1 wt % on bulk MORB content only (a); perturbations
of 6 10 wt ppm on bulk water content only (b); same amplitudes of correlated (c) and anti-correlated (d) perturbations on bulk
MORB and water content combined. Dotted lines indicate reference channelling depth band.
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Fig. 14. Effect of perturbation amplitude on reactive channelling in 2D column models of hydrated mantle. Bulk water flux at model
time of 1 Myr for models with combined, correlated perturbations with amplitudes of 6 0�2 wt % and 62 wt ppm (a), 61 wt % and 6
10 wt ppm (b), and 6 5 wt % and 6 50 wt ppm (c) on bulk MORB and bulk water content, respectively. Dotted lines indicate refer-
ence channelling depth band.

Fig. 15. Effect of different reaction parameters on reactive channelling in 2D column models of hydrated mantle. Bulk water flux (a,
b), and net melting rate (c, d) at model time of 0�5 Myr for models with batch melting (reference sC ¼ 100 years) (a, c), and frac-
tional–assimilative melting (v ¼ 0�1) (b, d). Colour scale is truncated to highlight flow and reaction patterns.
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even for channelized melt flow, which can be signifi-

cantly faster than in 1D columns. An additional simula-

tion is employed here to test the effect of a different

reactive model setting on reactive flow in the upwelling

mantle. The assimilation ratio v is reduced by a factor of

10 to produce a fractional–assimilative model for com-

parison with the hydrated reference model.
Figure 15 shows bulk water flux QH2O and net melt-

ing rate C after a model time of 0�5 Myr for the batch

and fractional–assimilative models. The main difference

arising from the variation in v is the shape of localiza-

tion patterns in water flux and melting rate. In the

reduced-v, fractional scenario, straighter and more

elongated channels emerge. In the reference case,

channels start dispersing upward of 20 km depth
(Fig. 15a and c), whereas they persist to the top of the

domain in the parameter variation scenario (Fig. 15b

and d).

The flow regime in which vertical channels disperse

into a more diffuse flow has characteristics of compac-

tion–dissolution waves (Aharonov et al., 1995; Hesse

et al., 2011; Liang et al., 2011). This type of reaction–

transport feedback is predicted by stability analysis to
be a stable regime for a range of conditions relevant to

decompression melting in the upwelling mantle. The

fractional–assimilative reaction model favours station-

ary channelling over the travelling-wave instability.

Fractional melting leads to a different proportion of

components transferred by reactive mass exchange

(see Fig. 6), such that more mass transfer is required

than in the batch model to achieve the same amount of

compositional equilibration. Thus, more melt produc-
tion can be driven by the same solubility gradient in the

fractional model, strengthening reactive channelization

with respect to the compaction–dissolution instability

(Hesse et al., 2011). It should be noted, however, that

this difference in behaviour is transient, and that, in

steady state, melt transport above 60 km depth is found

to be in the compaction–dissolution wave regime for all

parameters tested here.

DISCUSSION

Volatile flux-induced reactive channelling
Previous studies have found that reactive channelling is

caused by the reactive infiltration instability (Chadam

et al., 1986), where reactive melt production is

increased in proportion to vertical melt flux (Aharonov
et al., 1995; Spiegelman et al., 2001; Liang et al., 2010).

However, background decompression melting, deple-

tion of reacting species, the energetic cost of reactions,

and compaction of the host rock may suppress flow in-

stability within an upwelling mantle column (Hewitt,

2010; Weatherley & Katz, 2012). Unlike some previous

studies, no boundary condition is applied here to intro-

duce enhanced melt flow sufficient to cause instability.
Instead, we explore the spontaneous emergence of re-

active channelling from a volatile-bearing mantle col-

umn undergoing decompression and reactive melting.

Energy conservation in our models includes consump-

tion of latent heat, which acts to suppress chan-

nelization by imposing an energetic cost to reactions.

Additionally, we allow composition to evolve and be

depleted by melting and reaction, which ultimately lim-

its the availability of reactants. As known from analysis
of trace element transport by percolating melt (Navon &

Stolper, 1987), more incompatible components of com-

position are transported away at an increased rate com-

pared with more compatible ones. Here, this principle

applies to both volatile and major element components,

causing hydrated and carbonated components to be

depleted from the mantle column at much faster rates

than the basaltic MORB component. As volatile flux

fuels reactive channelling, exhaustion of available vola-
tiles in the host rock and dilution of the melt volatile

content by dissolution of volatile-free MORB both act to

limit channelling to a depth band of 60–80 km in steady

state. Given these limiting effects, it is a significant find-

ing that our models of mantle melting with volatiles ex-

hibit robust reactive channelling over a range of

realistic mantle conditions. Taking the ratio of vertical

melt flux qz in the 2D reference simulations to that in
the 1D reference models at steady state gives a melt

flux in channels that is enhanced by about a factor

of 10.

The cause for enhanced flow focusing in our models

under conditions where previous models predict dis-

tributed flow is the addition of volatiles. Water and car-

bon dioxide deepen the onset of decompression

melting in the mantle. On the solidus, small fractions of
volatile-enriched melt are produced, containing ap-

proximately 3 wt % H2O or 15 wt % CO2, values close to

recent estimates for near-solidus hydrated or carbo-

nated mantle melts (Hirschmann et al., 2009; Dasgupta

et al., 2013). Owing to the depolymerizing effect of vola-

tiles on the viscosity of silicate melts, our model pre-

dicts these low-degree melts to be mobile with

velocities of the order of 10 cm yr–1 (Fig. 5). Chadam
et al. (1991) suggested that the reactive infiltration in-

stability may interact with viscous fingering (Saffman &

Taylor, 1958) if the dissolving species causes an in-

crease in liquid viscosity. This is the case in our model,

where reactive melting means dissolution of MORB and

thus an increase in liquid viscosity. However, there is

no evidence that viscous fingering has a significant ef-

fect on flow focusing in our models.

As the near-solidus, volatile-enriched melts flow up-
ward, they approach the stability field of volatile-free

MORB melting. As melt flows across the volatile-free

solidus, the stable melt composition coexisting with

peridotite changes rapidly from volatile-enriched to in-

creasingly silica-rich and volatile-poor. Furthermore,

the equilibrium melt fraction increases significantly

across this transition. As reactions equilibrate melt that

is flowing across this transition, regions of increased
melt flux attain higher rates of silicate dissolution and

therefore higher melt production. The resulting increase

in melt fraction enhances permeability, allowing for
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further increase in flux of volatile-enriched melt from

below. For transient magmatic systems in previously

undepleted rock, this transition may occur at much shal-

lower depth than the volatile-free solidus (Figs 7 and 8).

This feedback of enhanced volatile flux leading to

enhanced basaltic melt production is the underlying

cause for flow instability in our models.

The reduced melt viscosity with volatile content (see

Fig. 5) does not appear to have a strong effect on

these dynamics, as channelling sets in only as the

volatile-free silicate melt production picks up. However,

owing to the dependence of the reactive infiltration in-

stability on the melt flow rate, a decrease in liquid vis-

cosity or an increase in permeability should generally

enhance reactive channelling. This expected behaviour

was confirmed in a series of additional simulations,

which are not presented here for reasons of brevity.

We do not find a significant difference in the effects

of hydrated versus carbonated melt production and

transport (Figs 10 and 11). This may be due to the sim-

plifications incorporated into the R_DMC petrogenesis

model with volatiles. Here, hydrated and carbonated

components are distinguished only by a difference in

melting point and partition coefficient. Even though

these differences modulate the depth of first melting,

the concentration of the volatile compound in near-

solidus melt, and the melt productivity at depths below

the volatile-free solidus, they do not significantly mod-

ify volatile flux-induced reactive channelling. Therefore,

we conclude that the flux of any low-degree melt en-

riched in incompatible components into the base of the

major silicate melting region may promote a similar re-

active channelling instability. The exact properties of

the incompatible component under consideration are of

secondary importance, as long as such a component

significantly depresses the mantle solidus and strongly

partitions into the melt. This implies that models includ-

ing both water and carbon dioxide in the mantle column

would probably see even more pronounced reactive

channelling. Furthermore, we expect that the inclusion

of an alkali-rich component would have a similar effect,

possibly extending channelling to shallower depth than

observed here.

Implications for magma–mantle dynamics
and petrology
Considering these results in various geodynamic con-

texts highlights some key implications. Beneath mid-

ocean ridges, decompression melting takes place in a

roughly triangular zone extending down from the ridge

axis. The shape of the melt region is controlled by the

extent of upwelling flow of the mantle in response to

plate spreading, as well as the cooling of the plates

away from the axis. As the melting region widens with

depth, low-degree volatile-enriched melts may be pro-

duced over a broad lateral extent of asthenospheric

mantle. As these melts cross the volatile-free solidus

they will trigger reactive channelling. In a steady-state

system, our results show that such channelling is lim-

ited to a depth range of 60–80 km. However, in the MOR

system melt is focused towards the ridge axis, thereby

increasing melt flux, which may contribute to enhance-

ment of melt channelization. Our results therefore sup-

port the hypothesis of melt transport beneath MORs
being controlled by a network of high-flux channels

originating at depths around the volatile-free solidus.

In geodynamic contexts where basaltic melt is pro-

duced beneath an extending lithosphere, the depth

band of reactive channelling observed here is likely to

be directly beneath the lithosphere–asthenosphere

boundary. Melt channelling across the volatile-free sol-

idus depth is therefore expected to significantly control
the distribution and composition of melt arriving at the

base of the lithosphere, where rheological channelling

or fracturing processes across the ductile–brittle transi-

tion may connect reactively channelized melt pathways

in the mantle with crustal magma-processing systems

(Havlin et al., 2013). In a subduction context, water- and

carbon-bearing fluids released from dehydration of sub-

ducting oceanic lithosphere may lead to strong chan-

nelization as they induce volatile-flux melting in the
mantle wedge. The interaction of such channels with

the subduction-related flow of the mantle wedge will

probably control the extraction pathways of hydrous

slab and mantle melts.

As discussed above, reactive channelling observed

in our models is driven by volatile flux-induced dissol-

ution of MORB. Therefore these channels should not be

directly identified with orthopyroxene-dissolution chan-
nels thought to create dunite bodies observed in ophio-

lites. A volatile-free, 2D control simulation (results not

shown above) did not exhibit any significant reactive

channelization related to dissolution of MORB coincid-

ing with precipitation of dunite at shallow pressures.

Therefore, the question remains of what bearing our

results have on the formation of dunite bodies as a pos-

sible geological signature of channelized melt extrac-
tion in the near-surface asthenosphere beneath a MOR.

The reasons that our models do not predict the forma-

tion of replacive dunite channels is understood from the

scaling analysis of reactive melting in equation (25),

which states that reactive flow localization depends on

disequilibration by melt flux along a vertical solubility

gradient of a fusible component. Localization occurs

only if melt can be sufficiently disequilibrated by melt

segregation and if this disequilibrium drives a sufficient
increase in melt fraction. The propensity of a reactive

system to channelization is affected by the stoichiom-

etry of the reaction, which is here implicitly expressed

by the concentration of components in reactively trans-

ferred mass.

As seen in Fig. 6, the rate of disequilibration by verti-

cal melt flux along the solubility gradient of MORB is

high within the zone of transition from volatile-enriched
to volatile-free melting but drops to low levels again

throughout the volatile-free melting region. This transi-

tion region corresponds to the depth band of 60–80 km
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within which sustained reactive channelling is observed

in all 2D simulations. Even though melt flux is moderate

across this depth range, it is combined with an increase

in MORB solubility that is sufficient to drive reactive

channelling. At depths above 60 km, channelling ceases

even though melt flux continues to increase towards

the surface. Instead, it is the lack of a significant solubil-

ity gradient of the MORB component towards the sur-

face that is responsible for the transition from reactive

channelling to a compaction–dissolution wave regime

at shallower depths.

Our model choice of representing volatile-free de-

compression melting as a two-component process of

dunite þ MORB and the resulting calibration of the

R_DMC method do not adequately approximate the

complexities of basaltic melt production. A different

multi-component representation of this process may

yield solubility gradients of fertile components that ex-

tend to shallower pressures. In such a model, we would

expect coupled magma–mantle flow to exhibit at least

two stages of interconnected, reactive channelling. The

first stage would be induced by flux of volatile- and

incompatible-enriched and relatively Si-poor melt

across the volatile-free solidus. The second stage would

be driven by continuing dissolution of basaltic compo-

nents, possibly accompanied by precipitation of dunite

component, extending further towards the surface. The

geological signature of such channels would be pre-

dicted to take the shape of shallow dunite bodies

changing to harzburgitic composition with depth, as

proposed in previous studies (Kelemen et al., 1995;

Liang et al., 2010).

Model limitations
There are four key model limitations. First, to reduce

computational expense, models presented here are run

with only three chemical components. Capturing the

complex mantle mineralogy with volatiles through only

three effective components necessarily requires some

restrictive model choices. Details of the mineralogy

such as the solid-solution of the Mg–Fe-olivine system,

the distinctive behaviour of clinopyroxene and ortho-

pyroxene in the mantle, the role of high-Al phases, or

the difference in volatile partitioning with different min-

eral assemblages at various pressures, are not currently

represented by our thermochemical model. Also, the

saturation of volatiles in the melt phase as it undergoes

decompression is not treated here. As a consequence,

the solidus curves of volatile-bearing mantle do not ex-

hibit the characteristic sloping back to higher tempera-

tures at low pressures found for hydrated and

carbonated peridotite studies (Hirschmann et al., 1999;

Katz et al., 2003; Dasgupta et al., 2013). This latter sim-

plification is not considered of major importance to this

study, however, as the main behaviour discussed here

is channelized flow at pressures well above the level for

fluid exsolution.

Second, our choice of linear kinetic reactive model is

not rigorously constrained by theory or experiments.

Rather, it is a model choice aimed at providing a simple

closure condition, while retaining consistency with key

petrological assumptions. In particular, our model

choices based on the study by Rudge et al. (2011) allow

distinction between batch and fractional–assimilative

types of reactions by adjusting a single model param-

eter, v. It should be noted, however, that the present ap-

proach does not allow models to evolve far from

thermodynamic equilibrium. Furthermore, the possible

dependence of reaction rates on temperature, pressure,

component-specific activation energy, available react-

ive surface area, or reacting component properties (e.g.

diffusivity) are not considered here, to avoid overcom-

plicating the model description.

Third, the rheology applied to these models is linear

viscous, neglecting known effects such as the depend-

ence of mantle viscosity on temperature, pressure,

grain size, water content, and shear stress (Hirth &

Kohlstedt, 2003), stress-induced anisotropy of viscous

shear and compaction flow in partially molten rock

(Takei, 2010), and the limited yield strength of mantle

rock under tensile stress conditions (i.e. decompaction

under liquid overpressure) (Murrell, 1964). Some of

these additional complexities in mantle rheology are

known or hypothesized to cause localization of melt

flow in the partially molten asthenosphere (Stevenson,

1989; Spiegelman, 2003; Katz et al., 2006; Connolly &

Podladchikov, 2007; Keller et al., 2013; Takei & Katz,

2013). As the aim of this contribution is to highlight the

interaction between petrogenesis and magma–mantle

dynamics, we neglected all rheological feedbacks,

allowing us to focus on reactive channelling. Allowing

both rheological and reactive channelling in combin-

ation will probably lead to interesting, coupled behav-

iour. However, the investigation of such effects is

beyond the scope of the present study, and will be left

for future work.

Fourth, numerical resolution of these models is lim-

ited by computational cost. The characteristic spacing

of channels is of the order of the compaction length l0,

which varies over 1–5 km across the parameter space

tested here (see Table 2). Considering mass flux conser-

vation in channelized flow, the width of channels is pre-

dicted to scale as the channel spacing divided by the

flux enhancement by channelling, hence predicting an

equilibrium width of channels of order 100–500 m in

our models. It follows therefore that these features seek

a length scale just below what the present numerical

discretization allows (grid spacing is 500 m) and are

therefore not sufficiently resolved. Varying grid reso-

lution within the currently accessible range shows that

the results do not change qualitatively with grid refine-

ment. However, as flow enhancement is a function of

localization intensity, our model probably underesti-

mates the effect of channelling on magma transport in

natural systems.
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CONCLUSIONS

We have presented simulations that combine conserva-

tion of energy, mass and momentum with a simplified

thermodynamic framework for disequilibrium-driven

multi-component reactions. Calibrating the R_DMC

method to reproduce leading-order features of mantle

melting with volatiles allows our simulations to make

predictions about the formation and segregation of

deep, low-degree, volatile-enriched magma. The flux of

volatiles transported by these magmas towards the sta-

bility field of volatile-free basaltic melting is found to

trigger reactive channelization. Magma flux is localized

owing to a positive reaction–transport feedback,

whereby an increase in volatile-enriched melt flux en-

hances basaltic melt production, which in turn increases

permeability and thus further enhances melt flux. These

results couple the thermodynamics of multi-component

petrogenesis to the dynamics of magmatic two-phase

flow. We find that a bulk mantle volatile content of the

order of 100 ppm allows for enough deep, volatile-

enriched melt to be formed to fuel this flow instability

over a depth band of 60–80 km. As a consequence,

volatile-enriched magma is transported, at least through

parts of the mantle, in high-flux channels. Previous

physical scaling arguments and simple two-phase mod-

els, which do not take into account the effective perme-

ability enhancement provided by reactive channelling,

may have underestimated melt transport rates in the

upper mantle by up to an order of magnitude. This study

adds to the evidence that magma transport arising from

decompression melting of the upwelling mantle occurs

as localized flow in a network of magmatic channels ini-

tiated around the depth of the volatile-free solidus. Also,

the role of volatiles in mantle melting is demonstrated to

be significant not only by depressing the mantle solidus

and stabilizing melt at higher pressures, but also by their

effect on the dynamics of magma transport. Although

the results presented here are aligned with leading-

order observations of mantle melting with volatiles,

more research is needed to develop, calibrate, and valid-

ate this simplified reactive flow model in comparison

with field and laboratory observations.
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APPENDIX A: CONSERVATION EQUATIONS

Fluid dynamics model
Conservation of mass and momentum
Conservation of mass in the solid and liquid phase is

given in terms of mass fraction of melt f:

oð1� f Þ�q
ot

þ $ � ðð1� fÞ�qvsÞ ¼ �C (A1a)

of �q
ot
þ $ � ðf�qv‘Þ ¼ C (A1b)

where vs and v‘ are the solid and liquid velocities and C
(kg m–3 s–1) is the mass-transfer rate from solid to liquid

(McKenzie, 1984; Bercovici et al., 2001). Given these

statements of mass conservation, the following expres-

sions hold for any scalar quantity a transported by the

solid and liquid phases, respectively:

oð1� f Þ�qas

ot
þ $ � ðð1� fÞ�qasvsÞ ¼ ð1� f Þ�q Dsas

Dt
� asC

(A2a)
of �qa‘

ot
þ $ � ðf�qa‘v‘Þ ¼ f �q

D‘a‘
Dt
þ a‘C: (A2b)

Summing equations (A1a) and (A1b) yields an ex-

pression for mass conservation of the bulk mixture

$ � v ¼ CDð1=qÞ (A3)

where �v ¼ /v‘ þ ð1� /Þvs is the mixture velocity. Here

we have applied the Boussinesq approximation to each

phase independently, assuming that qs ¼ q0;

q‘ ¼ q0 � Dq0. As a result, the mixture density varies

only with volume fraction of melt as �q ¼ q0 � /Dq. The

term on the right-hand side of (A3) represents the vol-

ume changes associated with phase change reactions.

It has a negligible effect on large-scale flow, but is

required for accurate mass conservation—in particular

in a reactive flow model with strongly incompatible

components like volatiles.

The mixture velocity can be decomposed as �v ¼
vs þ q using the phase separation flux,

q ¼ �/Dv ¼ �K=l $P ‘ � q‘gÞ:ð (A4)

This is the standard form of Darcy’s law for a two-phase

medium (McKenzie, 1984), stating that the separation of

melt and solid is driven by pressure gradients and modu-

lated by the permeability K and the liquid viscosity l.

Substituting this flow decomposition into (A3) gives

$ � vs � $ � ðK=lÞ $P ‘ � q‘gÞ � CDð1=qÞ ¼ 0:ð (A5)

This equation states that divergence in the solid flow is

balanced by convergence in the phase separation flux,

and that in the absence of phase change reactions, the

mixture flow field is divergence free.

Momentum conservation in the two-phase mixture

takes the form of the Stokes equation

$ ��s� $P þ qg ¼ 0 (A6)
where �s is the phase-averaged deviatoric stress tensor

and �P is the phase-averaged pressure. In the following,

buoyancy forces will be dropped from the bulk momen-

tum conservation. The focus of this study is to investi-

gate reaction transport feedbacks, therefore active flow

of the matrix will be suppressed here. It has proved con-

venient to introduce the pressure decomposition

�P ¼ P þ p þ Plith (A7)

with P ¼ P‘ � Plith being the dynamic Stokes pressure,

p ¼ ð1� /ÞDP the compaction pressure (Katz et al.,

2007; Keller et al., 2013), and Plith ¼ q0gz a

lithostatic reference pressure corresponding to the

solid density. The compaction pressure p is the volu-

metric component of stress related to compaction

deformation.

Shear and compaction flow laws
We write viscous constitutive laws for shear stress �s

(neglecting shear stresses in the liquid phase (Sleep,

1984; McKenzie, 1984)) and compaction pressure p of

standard form

�s ¼ 2gDðvsÞ (A8)

p ¼ �f$ � vs: (A9)

Here, g ¼ ð1� /Þg0expð�a/Þ is the effective shear vis-

cosity and f ¼ ð1� /Þg0/
�1 is the effective compaction

viscosity, where g0 is the intrinsic shear viscosity of the

solid phase, and

DðÞ ¼ 1

2
ð$ðÞ þ $ðÞTÞ � 1

3
$ � ðÞI

is the deviatoric symmetric gradient tensor operator.

With the pressure decomposition and the viscous

flow laws defined as above, we finally write the conser-

vation of bulk momentum and mass in the two-phase

mixture in the three-field form (Keller et al., 2013;

Rhebergen et al., 2015) in terms of the variables vs , P

and p as

$ � 2gDðvsÞ � $p � $P ¼ 0 (A10a)

$ � vs � $ � ðK=lÞ $P þ DqgzÞ � CDð1=qÞ ¼ 0ð (A10b)

$ � vs þ p=f ¼ 0: (A10c)

Thermochemical model
Conservation of melt and component mass
To state a conservation law for the mass of melt per

unit volume, we rewrite the mass conservation equa-

tion for the solid phase (A1a) as

Dsf �q
Dt
� ð1� f Þ�q$ � vs ¼ C: (A11)

Thus f evolves in time as a result of advection, compac-

tion, and inter-phase mass transfer.

Conservation laws for component mass ci
s;‘ in the

solid and liquid phase, respectively, are given by
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of �qci
‘

ot
þ $ � ðfqci

‘v‘Þ ¼ Ci þ d0$ � f $ci
‘ (A12a)

oð1� f Þ�qci
s

ot
þ $ � ðð1� fÞ�qci

svsÞ ¼ �Ci : (A12b)

Ci is the mass transfer rate of the ith component from

solid to liquid phase owing to reaction. It should

be noted that we consider only chemical diffusion/

dispersion in the liquid phase, where it is controlled by the

diffusivity/dispersivity d0, taken as constant for all

components.

Substituting equations (A2a) and (A2b) gives a more

convenient form for the conservation of component

mass,

f �q
D‘c

i
‘

Dt
¼ Ci � ci

‘Cþ d0$ � f$ci
‘ (A13a)

ð1� f Þ�q Dsci
s

Dt
¼ �Ci þ ci

sC: (A13b)

Thus, the chemical composition of the solid and liquid

phase evolves in time due to advection, reaction, and

diffusion/dispersion in the liquid.

Conservation of energy
Conservation of internal energy is formulated in terms

of the specific internal energy (J kg–1) of each phase,

which is taken as the sum of the specific phase enthal-

pies hs;‘ and the potential energy due to gravity (kinetic

and chemical potential energy are neglected)

es;‘ ¼ hs;‘ � gz: (A14)

Infinitesimal changes in specific phase enthalpies are

due to changes in sensible and latent heat (with Li the

latent heat of fusion of the ith component), and the volu-

metric work of thermal expansivity a (taken as constant

for all phases and components)

dhs ¼ cpdT þ ð1� aT Þgdz (A15a)

dh‘ ¼ cpdT þ ð1� aT Þgdz þ
Xn

i¼1

Lidci
‘ (A15b)

where we have assumed that specific heat cp and thermal

expansivity a are constant and equal between phases.

Conservation laws for internal energy in the solid and

liquid phase are given by

of �qh‘
ot
þ $ � ðf qh‘v‘Þ �

ofqgz

ot
� $ � ðf qgzv‘Þ ¼ $ � qe

‘ þQe
‘

(A16)
oð1� f Þ�qhs

ot
þ $ � ðð1� f ÞqhsvsÞ

� oð1� f Þ�qgz

ot
� $ � ðð1� f ÞqgzvsÞ ¼ $ � qe

s þQe
s :

(A17)

The terms introduced on the right-hand side include the

divergence of diffusive fluxes qe
s;‘, and source terms Qe

s;‘.

After substituting equations (A2a) and (A2b), and col-

lecting and simplifying of terms, energy conservation is

expressed in terms of changes of enthalpy over time as

f �q
D‘h‘
Dt
� f �qgw‘ þ ðh‘ � gzÞC ¼ $ � qe

‘ þQe
‘ (A18)

ð1� f Þ�q Dshs

Dt
� ð1� f Þ�qgws � ðhs � gzÞC ¼ $ � qe

s þQe
s :

(A19)

Here, ws;‘ are the vertical components of solid and li-

quid velocity, respectively.

The phase contributions to the total internal energy of

the two-phase mixture are now added to yield a state-

ment for the conservation of bulk energy

f �q
D‘h‘
Dt
þ ð1� f Þ�q Dshs

Dt
¼ g�q �w þ k0$

2T � C
Xn

i¼1

Lici
‘ þW:

(A20)

To arrive at this relation, we have substituted the en-

thalpy phase difference h‘ � hs ¼
Pn

i¼1 Li ci
‘ , and simpli-

fied the sum of diffusive flux terms qe
s;‘ to be the total

heat diffusion depending on a constant mixture con-

ductivity k0. The sum of source terms Qe
s;‘ we define to

be the total viscous dissipation in the mixture

W ¼ 2gjjDðvsÞjj2 þ fð$ � vsÞ2 þ ðl=K Þjqj2

which is the sum of work rates owing to shear and com-

paction deformation, and phase separation flux

(Bercovici & Ricard, 2003; �Sr�amek et al., 2007; Rudge

et al., 2011). Here, jj � jj and j � j denote tensor and vector

magnitudes, respectively.
To write the conservation of energy in terms of mix-

ture temperature T (assuming thermal equilibrium be-

tween the phases), equations (A15a) and (A15b) are

substituted in (A20), resulting in

�qcp

�DT

Dt
¼ aTg�q �w þ k$2T �

Xn

i¼1

LiCi þW (A21)

stating that mixture temperature evolves in time owing

to advection, adiabatic heat exchange, thermal diffu-

sion, heating by viscous dissipation, and exchange of

sensible to latent heat by reaction.

�D ðÞ
Dt
¼ oðÞ

ot
þ ð1� f Þvs � $ðÞ þ fv‘ � $ðÞ

is the material derivative in the two-phase mixture.

Additional results
Some consequences of energy conservation in a two-

phase reactive flow model are demonstrated by some

additional 1D and 2D column model results. Figure A1

shows the results of the reference model of hydrated

mantle melting in comparison with an additional model

where the latent heat exchange term is reduced by a fac-

tor of 10, and a second one where viscous dissipation is

reduced by a factor of 10. Reducing the latent heat cou-

pling leads to a mantle temperature profile similar to a

solid reference adiabat, as little heat is consumed to fa-

cilitate melting. As a consequence, melting rates are

increased by almost a factor of two at the base of the

volatile-free melting region. The increased melt
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production causes an increase in melt velocity. Reducing

the viscous dissipation has a less significant effect, but

causes a 4% reduction in melt production and a 10%

lower mantle temperature at the top of the melting col-

umn. The instantaneous melt fraction is barely affected

by either variation in energy conservation.

Figure A2 shows a section of a horizontal transect at

70 km depth for the hydrated and carbonated 2D simu-

lations presented in Results section, giving deviations

from horizontal mean for temperature and melt fraction.

As a consequence of increased melting inside reactive

channels, the temperature is anti-correlated to the melt

fraction. Channels are marked by a relative increase in

melt fraction of the order of 1 wt % over the horizontal

average, whereas temperatures are depressed by up to

2 degrees below the mean. Consumption of latent heat

is therefore confirmed as a significant factor in limiting

reactive channelization, whereas viscous dissipation

works in favour of channeling, but has a much smaller

effect. This brief demonstration illustrates that an ad-

equate statement of energy conservation has strong

control over the outcome of reactive flow models.

APPENDIX B: R_DMC MODEL CALIBRATION

Experimental constraints and calibration
procedure
To calibrate the R_DMC method with the four effective

components introduced above to the melting behaviour

of volatile-enriched peridotite, we fit the P depend-

ence of component melting points T i
m and the T de-

pendence of component partition coefficients Ki to a

number of experimental constraints by way of manual

data assimilation. We choose to keep the number of

data constraints relatively small to focus on coupled

flow models with the R_DMC method rather than on a

sophisticated data fitting routine.

The most important constraints on mantle melting

are experimentally determined solidus curves for

volatile-free, hydrated and carbonated peridotite, along

with solidus data on a MORB-type pyroxenite and a

mantle liquidus constraint. Complementary to these,

we use estimates of the latent heat of melting of the

four components and constraints on the depth of first

melting beneath mid-ocean ridges, as well as on the

partition coefficients for water and carbon dioxide. The

free parameters to be determined in calibrating the

R_DMC method are the ones introduced in equations

(2) and (3): the latent heat capacities Li, tuning param-

eters ri, surface melting points T i
m;0, and polynomial co-

efficients Ai, Bi.

The expressions for Ki adapted from Rudge et al.

(2011) lead to solidus and liquidus planes forming

phase loops between all components. Whereas the

melting curves T i
mðP Þ determine the end-point tempera-

tures of these phase loops at a given pressure, the ratio

of latent heat to tuning parameter Li=r i determines the

amount of opening and curvature of the phase loops in

T, C space. As there are five degrees of freedom for

each component, the same number of independent

data constraints per component would be required to

determine a unique data fit for all parameters. Often,

data coverage of melting experiments will not be suffi-

cient to fulfill this requirement. In the following, we

demonstrate how an adequate fit is achieved from a

small number of constraints. This procedure will, at the

(a) (b) (c)

Fig. A1. Effects of latent heat and viscous dissipation in 1D col-
umn model of hydrated mantle. Temperature (a), net melting
rate (b), and vertical melt velocity (c) profiles with depth. Line
colours represent results of reference model (black), model
with reduced latent heat exchange (� 0�1, red), and reduced
dissipative heating (� 0�1, blue).

(a)

(b)

Fig. A2. Thermochemical effects of channelized magma trans-
port in reference 2D column models of hydrated (a) and carbo-
nated (b) mantle. Deviation from horizontal mean of melt
fraction (blue) and temperature (red) across maximum flux
channels (dotted lines). Plots are focused on same channels as
in Figs 10 and 11).
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same time, highlight some of the important depend-

ences and trade-offs inherent to this parameterization.

First, we define the component-wise latent heat

within a conservative range of values, assuming that

more refractory components with higher melting point

exhibit a higher latent heat of melting. This is justified

to a degree by the fact that the enthalpy of melting is

thought to be characterized by the gain in disorder be-

tween crystal lattices and liquids, DSfus, and thus for

equilibrium melting Li ¼ T i
mDSfus. The chosen values

are Lð1Þ ¼ 600 kJ mol–1 for dunite (similar to forsterite),

Lð2Þ ¼ 450 kJ mol–1 for MORB (within range of peridotite

(a) (b)

Fig. B1. Constraints for calibration of component melting points T i
mðP Þ of mantle melting model. (a) Reference polynomials for

volatile-free, hydrated and carbonated fertile peridotite. Volatile-free mantle solidus from Katz et al. (2003) (red). Hydrated mantle
solidus (blue), 100 wt ppm bulk H2O, coincides with wet solidus (dashed), 5 wt % melt H2O, of Katz et al. (2003) and crosses the solid
adiabat (dash–dotted) at P equivalent to 110 km, similar to the result of Hirth & Kohlstedt (1996) (circle). Carbonated mantle solidus
(light blue), 100 wt ppm bulk CO2, is calibrated to fit solidus depression data between 2 and 5 GPa from Dasgupta et al. (2013) (aster-
isks) and cross the solid adiabat at P equivalent to 160 km (diamond). (b) Component melting points T i

m for dunite (1) (black), MORB
(2) (red), hMORB (3) (blue) and cMORB (4) (light blue). T

ð1Þ
m is equal to mantle liquidus of Katz et al. (2003). Circles mark solidus con-

straints for MORB-like pyroxenite of Pertermann & Hirschmann (2003). Fine curves give high and low ri calibrations for
comparison.

(a)

(b)

(c)

(d) (e) (f)

Fig. B2. Constraints for calibration of component partition coefficients Ki(P,T), and resulting phase loops in T, C space. (a)
Component partition coefficients for dunite (1) (black), MORB (2) (red), hMORB (3) (blue), and cMORB (4) (light blue). Calculated
K H2O at 2�5 GPa from Hirth & Kohlstedt (1996) (blue asterisk) and range of K H2O with depth from Hirschmann et al. (2009) (blue
dashed line) for comparison. Same constraints shifted down by one order of magnitude (light blue asterisk and dashed line) as esti-
mates for range of K CO2 . Binary phase loops between MORB and hMORB (b), MORB and cMORB (c), dunite and MORB (d), dunite
and hMORB (e), and dunite and cMORB (f) show compositional dependence of solidus and liquidus across range of bulk compos-
itions. Fine curves show high and low ri calibrations for comparison.
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estimates), and Lð3Þ ¼ Lð4Þ ¼ 350 kJ mol–1 for hydrated

and carbonated MORB. For the rest of the calibration

procedure, these values will be held constant.

Second, the melting point of the dunite component

T
ð1Þ
m is chosen to be equal to the quadratic polynomial

given by Katz et al. (2003) for the mantle (harzburgite)

liquidus.

Third, we choose three reference polynomials repre-

senting the solidus curves corresponding to the three

reference mantle compositions defined in Table 3.

Figure B1a shows these quadratic polynomials for a fer-

tile volatile-free peridotite with a bulk composition �c i

¼ ½0 � 7;0 � 3;0;0
 (red); a hydrated peridotite with a

water content of 100 ppm H2O, at �c i ¼ ½0 � 7;0 � 298; 0 � 2;
0
 (blue); a carbonated peridotite with a carbon content

of 100 ppm CO2, at �c i ¼ ½0 � 7;0 � 2995; 0; 0 � 05
 (light

blue). Shown for reference is the solid reference adiabat

Ta ¼ Tmexp½Pa=ðq0cpÞ
 for a constant mantle potential

temperature of Tm ¼ 1350	C (dash–dotted). The refer-

ence volatile-free solidus in Fig. B1 is that given by Katz

et al. (2003). The reference hydrated solidus is chosen

to coincide at zero pressure with the wet solidus of a

melt water content of 5 wt % given by Katz et al. (2003)

(dashed), and to intersect the solid adiabat at a pressure

corresponding to a depth of 110 km (circle), similar to

the 115 km for 125 ppm H2O proposed by Hirth &

Kohlstedt (1996). The reference carbonated solidus is

chosen to fit the solidus depression data given by

Dasgupta et al. (2013) for 2–3 GPa (asterisks), and to

intersect the mantle adiabat at 160 km (diamond). This

depth is less well-constrained, but falls within the esti-

mated range for carbonated peridotite (Dasgupta et al.,

2013). Also, deeper onset of carbon dissolution melting

may be inhibited by redox changes in the mantle col-

umn with depth.

Fourth, we seek to adjust the remaining melt model

parameters T i
m;0, Ai, Bi and ri in such a way that the cal-

culated solidus curves for volatile-free, hydrated and

carbonated reference compositions fit the three refer-

ence polynomials discussed above. Doing so requires

negotiation of a particular trade-off, where the curva-

ture of phase loops in T, C space governed by the parti-

tion coefficients Ki, combined with the curvature of

melting points T i
m in P, T space, allows for non-unique

fits of solidus temperature at a given pressure and

mixed-component bulk composition. In particular, it is

not immediately obvious how to choose values for fit-

ting parameters ri. Values of ri for which the properties

of the calculated phase diagrams come within general

expectations are ri¼ [60,30,30,30]. Given these values

for ri, the remaining free parameters T i
m;0, Ai, Bi are

manually adjusted such that the P-dependent solidus

curves at volatile-free, hydrated and carbonated refer-

ence compositions fit the three solidus reference poly-

nomials. The results of this procedure are shown in Figs

B1b and B2, in terms of P-dependent profiles of T i
m and

Ki, along with phase loops in T, C space (given at P ¼
1�5 GPa). To highlight the effect of a particular choice of

ri, these plots include results from two additional cali-

brations performed at ri of 6 10 compared with pre-

ferred values.

The following additional constraints helped to select

this preferred calibration. The circles in Fig. B1b are sol-

idus data points obtained by Pertermann & Hirschmann

(2003) from melting experiments on a MORB-type pyr-

oxenite. Our preferred calibration of T
ð2Þ
m falls within the

range of these constraints. The dark blue asterisk in Fig.

B2a gives the value of the partition coefficient of water,

K H2O, calculated at P ¼ 2�5 GPa by Hirth & Kohlstedt

(1996). Since that study, others have produced refined

estimates. Most importantly, K H2O is found to strongly

decrease with decompression, decrease with increasing

activity of water (Asimow et al., 2004), and vary with

mineral mode (Hirschmann et al., 2009). The dark blue

dashed lines in Fig. B2a outline the range of values for

K H2O given by Hirschmann et al. (2009). Our calibration

of K(3) is such that it falls within the range of these con-

straints across the hydrated melting P range of 2�2–

3�6 GPa. Experimental constraints on the partitioning of

carbon in mantle melting are not as readily available,

but it is generally assumed that K CO2 is about an order

of magnitude smaller than K H2O. Light blue dashed lines

and asterisk in Fig. B2a are the same constraints as for

K H2O, but shifted down by one order of magnitude.

Again, our preferred calibration is chosen such that K(4)

fits these constraint within the carbonated melting pres-

sure range of 3�6–5 GPa.

(a) (b)

Fig. B3. Four-component compositional model including both
water and carbon content. Equilibrium state computed along
mantle adiabat at Tm ¼ 1350 	C over a P range of 0–6�5 GPa.
Equilibrium melt fraction (a), and melt composition (b) for bulk
volatile content of 100 ppm H2O and CO2 combined (bold line),
and same amount of either component for reference (fine line).
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Four-component models of hydrated and
carbonated mantle melting
As mentioned above, owing to computational limita-

tions we employ simulations for only two- and three-

component mixtures, representing either volatile-free,

hydrated or carbonated mantle melting. For each com-
ponent added to the compositional space in a simula-

tion, two more degrees of freedom need to be solved

for (i.e. ci
s and ci

‘ for i ¼ 1, . . ., n). The R_DMC method,

however, is general for n components. As computa-

tional methods become more efficient, it will be pos-

sible to extend simulations to a mantle that is both

hydrated and carbonated (or any other melting system
involving four or more components of composition).

Figure B3 provides a first look at the melting behav-

iour and compositional evolution that is predicted by

phase relations computed for a four-component mix-

ture of hydrated and carbonated peridotite with a bulk

composition of �c i ¼ ½0 � 7;0 � 2975;0 � 2;0 � 05
, corres-
ponding to 100 wt ppm of H2O and CO2. These results

are obtained by reading out equilibrium melt fraction

and phase compositions over a range of P, T conditions

by means of the Matlab routines provided in the online

distribution of the R_DMC method (Keller & Katz, 2015).

As predicted (Dasgupta et al., 2013), the presence of

water and carbon dioxide together lower the onset of

melting further than either the water or carbon content

alone would do.

At depth, only small fractions of around 0�01% melt

are produced. The onset of melting is predicted to occur

at 200 km depth. With decreasing pressure, gradually

higher melt fractions of up to 1% are stabilized towards

the volatile-free solidus depth. The first melt produced

at depth mostly consists of carbonated silicate (�0�6
cMORB). At pressures corresponding to the wet melting

region (115–75 km), the equilibrium melt composition

becomes increasingly enriched in the hydrated silicate

component (�0�3 hMORB). Crossing into the pressure

range of below 75 km, melt compositions rapidly

change to dominantly MORB-type basaltic melts (�0�8
MORB), with very small fractions of both volatile-

bearing components stable in the melt.

These first predictions indicate that dynamic models

including all four effective components defined here

will be able to capture a number of leading-order char-

acteristics of mantle melting in the presence of water

and carbon dioxide. Similarly, the R_DMC method may

be applied to other multi-component systems in the fu-

ture to study other aspects of magmatic systems in the

mantle and crust.
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